Planetary Systems ¢ Worksheet 4 Problems

Worksheet 4: Surfaces & Interiors: Craters & Pressure

Covers Lectures 7 and 8: impact cratering, crater chronology, moment of inertia, central
pressure, seismology

Planetary Systems (WBAS002-05) « Kapteyn Astronomical Institute, University of Groningen

This worksheet is ungraded practice, with the same shape and level as the final exam.
Plan up to 2 hours for a serious pass. Work each problem through on paper before you
open the solutions, and show your algebra: the exam asks for the steps, not only the
number. Some parts state an intermediate result (“show that...”); use it to check your
work, and to continue if a step resists. Carry at least four significant figures through the
intermediate steps (the worked solutions print five) and round only at the end. All parts
are analytical; no computer is needed.

G=6.674x10"" m3kg's?
Mars: M = 6.417 x 10?3 kg, R = 3389.5 km, g = 3.71 ms™2

Moon: R = 1737 km, g = 1.62 ms~2, simple-to-complex transition D, = 15 km, core
radius 200-380 km

Mercury: p = 5427 kgm™3, core radius fraction x = r./R = 0.83, core mass fraction 0.74

Uniform sphere  Moon Mars Mercury Earth
C/MR? 0.400 0.393 0.364 0.346 0.331

Interior data as in the Lecture 8 notes; crater scaling and chronology as in the Lecture 7 notes. Take
p = 3000 kgm~3 for rocky impactors and for the martian target surface.

Problem1 Impact energetics on Mars

Impact craters are the default landform of the solar system, and a single scaling law con-
nects the size of a crater to the energy of the impactor that made it.

(a) A rocky asteroid of diameter 400 m (p = 3000 kgm™3) strikes Mars at v = 12 kms™.
Compute its mass and kinetic energy, then the crater diameter from the gravity-regime

scaling
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with p, the target density (show that D = 5.05 km).

(b) Show from the scaling law that, at fixed impact speed and densities, the crater di-
ameter grows with the impactor diameter L as D « L3/%. Then invert the relation: what
impactor diameter does a 50 km martian crater require? Comment on how strongly the
fourth root compresses the mapping from impactor size to crater size.

(c) The simple-to-complex transition diameter scales inversely with surface gravity, D, « 1/g.
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The Moon only fixes the constant, because its transition diameter is well measured:

gMoon

D, = =
t t,Moon
g

Locate the transition on Mars, classify the crater from part (a) as simple or complex, and
explain physically why stronger gravity moves the transition to smaller craters.

Problem 2 Reading ages from craters

Crater counting is the only chronometer that works on every solid surface without a re-
turned sample. The lunar chronology below converts a measured crater density into an
absolute age; the coefficients are printed on the figure.

Lunar crater chronology

10° 4 early bombardment

N(1)=al[e’T—11+4+bT
10714 a=544x10""km™?

2=6.93 Gyr™!
b=8.38x10"* km~2 Gyr!

no dated samples

10—2 .
steady impact flux

10—3 4

unconstrained

1074 4

= Neukum, lvanov and Hartmann (2001)

Cumulative crater density N(=1km) [km~2]

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5
Surface age T [Gyr]

(@) A lunar mare unit has a measured crater density N(z 1 km) = 2.5 x 103 km™2. On
the young branch the linear term dominates, so compute the age from N = bT. Then
evaluate the exponential term at this age and show that it contributes only about 2% of
the measured density, which justifies the approximation.

(b) A heavily cratered highlands unit has N(z 1 km) = 3 x 102 km™2. Read its approximate
age off the figure. Then refine it in two steps: neglect the linear term to obtain a first
estimate T, = A'In(1 + N/a), then subtract the linear contribution bT, from N and repeat.
Why does a factor-of-2 error in the measured N barely change this age, when the same
error would double or halve the age in part (a)?

(c) A fellow student writes: “Plains unit A has twice the crater density of plains unit B, so
A'is twice as old.” Judge this claim: in which regime is it correct, and in which two regimes
does it fail?

Problem 3 Moment of inertia and the inside of Mercury

The moment of inertia factor C/MR? is the single most informative number about a planet’s
interior: it measures how strongly mass is concentrated toward the centre, and it is mea-
sured from spin precession and gravity without ever drilling a hole.
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(a) Model Mercury as a core of uniform density p_ inside a mantle of uniform density p,,
with core radius fraction x = r_/R = 0.83 and core mass fraction 0.74. From the mean
density, compute the two layer densities.

(b) The two-layer moment of inertia factor is

C _2(f-1)x°+1
MR2 5 (f-1)x3+1"
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[
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Evaluate it for your Mercury model, compare with the measured value 0.346, and state in
which direction the two-layer model errs and why.

(c) Afellow student writes: “The Moon’s C/MR? = 0.393 is within 2% of the uniform-sphere
value 0.400, so the Moon cannot have differentiated into a core and a mantle.” Judge this
claim, supporting your argument with the two-layer formula and the lunar core radius from
the data block.

Problem 4 Central pressure

Hydrostatic equilibrium plus a density profile determines the pressure everywhere inside
a planet. The uniform-density estimate is the standard first approximation, and its failure
is itself instructive.

(a) Starting from hydrostatic equilibrium,

dp _ Gm(r)p

dr = rz '

assume a uniform density p and show that

= 2 Gp2 (R - 12 _2M o ope  3GM?
P(r)-3Gp (R?-r?), PC_3GpR_8nR4'

(b) Evaluate the mean density of Mars, then its central pressure.

(c) For Earth the same estimate gives P, = 170 GPa, while the true central pressure is
about 360 GPa. Explain why the uniform-density formula systematically underestimates
the central pressure of a differentiated planet, and state whether your Mars value from
part (b) is a lower or an upper bound on the true martian central pressure.



