
Planetary Systems • Worksheet 5 Problems

Worksheet 5: Terrestrial Planets
Covers Lectures 9 and 10: equilibrium temperature, the runaway greenhouse, deuterium
and water loss, Jeans escape, Mercury and Mars
Planetary Systems (WBAS002-05) • Kapteyn Astronomical Institute, University of Groningen

This worksheet is ungraded practice, with the same shape and level as the final exam.
Plan up to 2 hours for a serious pass. Work each problem through on paper before you
open the solutions, and show your algebra: the exam asks for the steps, not only the
number. Some parts state an intermediate result (“show that…”); use it to check your
work, and to continue if a step resists. Carry at least four significant figures through the
intermediate steps (the worked solutions print five) and round only at the end. All parts
are analytical; no computer is needed.

Constants and data

𝜎 = 5.670 × 10−8 Wm−2 K−4, 𝑘B = 1.381 × 10−23 JK−1, 𝐺 = 6.674 × 10−11 m3 kg−1 s−2,
𝑚𝑢 = 1.661 × 10−27 kg, 𝑆⊕ = 1361Wm−2 (at 1 AU)
Water and grey atmosphere: latent heat 𝐿 = 2.5 × 106 J kg−1, vapour gas constant
𝑅𝑣 = 461 J kg−1 K−1, reference (𝑝0, 𝑇0) = (611 Pa, 273 K), grey opacity 𝜅 = 5×10−2 m2 kg−1,
𝑔 = 10 ms−2

Earth: 𝐴 = 0.30, 𝑇surf = 288 K, 𝑎 = 1.00 AU. Venus: 𝐴 = 0.77, 𝑎 = 0.723 AU, 𝑆 = 1.91 𝑆⊕,
𝑇surf = 737 K
Mars: 𝑀 = 6.4 × 1023 kg, exobase radius 𝑟exo = 3.6 × 106 m, exobase temperature
𝑇exo = 270 K, rotation period 24.62 h
Mercury: 𝑅 = 2440 km, spin period 𝑃rot = 58.65 d, orbital period 𝑃orb = 87.97 d, radius
change Δ𝑅 ≈ 7 km.
Relative molecular masses (in units of 𝑚𝑢): H = 1, H2 = 2, CO2 = 44
Atmospheric and escape data as in the Lecture 9 and 10 notes.

Problem 1 Equilibrium temperature and the greenhouse effect

The equilibrium temperature is the first number to compute for any planet: it is what
the surface would reach with no atmosphere, set by the balance of absorbed sunlight
against emitted infrared. The gap between it and the true surface temperature measures
the greenhouse effect.

(a) The energy balance for a rapidly rotating planet of Bond albedo 𝐴 at insolation 𝑆 is
𝜋𝑅2𝑆(1 − 𝐴) = 4𝜋𝑅2𝜎𝑇4eq, so 𝑇eq = [𝑆(1 − 𝐴)/4𝜎]

1/4. Compute Earth’s equilibrium temperature.

(b) A single infrared-opaque layer in radiative equilibrium re-radiates downward as well
as upward, so the surface energy balance becomes 𝜎𝑇4𝑠 = 2𝜎𝑇4eq. Show that 𝑇𝑠 = 21/4 𝑇eq,
evaluate it for Earth, and compare with the observed surface temperature of 288 K.

(c) Compute Venus’s equilibrium temperature from its own albedo and insolation, com-
pare it with Earth’s, and state the greenhouse warming Δ𝑇 = 𝑇surf − 𝑇eq for each planet.
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Problem 2 The runaway greenhouse

Aplanet stays habitable onlywhile its atmosphere can radiate away the sunlight it absorbs.
Amoist atmosphere has a ceiling on howmuch infrared it can emit, and crossing it triggers
a runaway greenhouse. This problem locates that ceiling and applies it to early Venus.

(a) Consider a young terrestrial planet with liquid water and Earth-like water clouds, so
𝐴 = 0.30. Compute the absorbed solar flux per unit surface area, 𝐹abs = 𝑆(1 − 𝐴)/4, for a
planet at Earth’s orbit and for one at Venus’s orbit.

(b) In a steam atmosphere the infrared photosphere forms where the overlying water-
vapour column reaches optical depth of order unity, at pressure 𝑝phot = 𝑔/𝜅. Keep the
planet at Earth’s orbit from part (a), and take 𝑔 and 𝜅 from the Constants and data box.
Compute 𝑝phot, then use the integrated Clausius-Clapeyron relation

ln
𝑝
𝑝0

= − 𝐿𝑅𝑣
(1𝑇 −

1
𝑇0
)

to find the temperature at which saturated water vapour reaches this pressure.

(c) The outgoing longwave radiation of the steam atmosphere cannot exceed the black-
body emission of its photosphere, 𝐹maxOLR = 𝜎𝑇4phot. Compute this limit, compare it with the
absorbed fluxes from part (a), and state which planet enters a runaway greenhouse.

(d) Explain in words why the outgoing infrared flux of a steam atmosphere saturates at
an upper limit, and why this defines the inner edge of the habitable zone.

Problem 3 Thermal escape fromMars

Whether a planet keeps its atmosphere is decided at the exobase, the level where a
molecule makes its last collision and the fastest ones escape. The Jeans parameter com-
pares gravity’s grip on a molecule to its thermal energy, and it sorts which gases a planet
can hold.

(a) Compute the escape speed at Mars’s exobase.

(b) The Jeans escape parameter for a molecule of mass 𝑚 is 𝜆 = 𝐺𝑀𝑚/(𝑘B𝑇exo 𝑟exo), the
ratio of gravitational to thermal energy at the exobase. Compute 𝜆 for atomic hydrogen,
molecular hydrogen, and carbon dioxide.

(c) The Jeans escape flux carries a factor (1 + 𝜆) 𝑒−𝜆 and a thermal-speed factor ∝ 𝑚−1/2.
Form the ratio of the escape fluxes of atomic and molecular hydrogen, and state whether
CO2 can escape thermally at all.

(d) A fellow student writes: “If Mars had kept a stronger magnetic field, it would have
retained its CO2 atmosphere.” Judge this claim.

Problem 4 Mercury and Mars: two ways to end

Mercury andMars sit at the inner and outer edges of the terrestrial planets. They diverged
completely. This problem collects three independent measurements, each marking one
step in that divergence.
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(a) Mercury’s spin period 𝑃rot and orbital period 𝑃orb are given in the Constants and data
box. The length of a solar day, from noon to noon, satisfies 1/𝑇solar = 1/𝑃rot − 1/𝑃orb.
Compute 𝑇solar and express it in Mercury years.

(b) As Mercury’s interior cooled, its radius shrank by Δ𝑅, given in the Constants and data
box. Estimate the fractional decrease in surface area, and connect it to the lobate scarps
seen across the surface.

(c) Mercury, the smaller planet, still has a magnetic field; Mars lost its field within its first
400 to 800 Myr. Mercury has no atmosphere; Mars kept a thin one. In a short paragraph,
statewhat planet size predicts for the cooling rate and the dynamo lifetime, whyMercury’s
dynamo does not follow the lifetime prediction, and what the two planets show about
magnetic fields and atmospheric retention. Use the ideas of cooling rate and escape
from this worksheet.
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