
Planetary Systems • Worksheet 6 Solutions

Worksheet 6: Giant Planets and Small Bodies
Full solutions

Covers Lectures 11 and 12: giant-planet interiors, the Roche limit and rings, radioactive
dating, Kirkwood gaps, cometary activity
Planetary Systems (WBAS002-05) • Kapteyn Astronomical Institute, University of Groningen

This worksheet is ungraded practice, with the same shape and level as the final exam.
Plan up to 2 hours for a serious pass. Work each problem through on paper before you
open the solutions, and show your algebra: the exam asks for the steps, not only the
number. Some parts state an intermediate result (“show that…”); use it to check your
work, and to continue if a step resists. Carry at least four significant figures through the
intermediate steps (the worked solutions print five) and round only at the end. All parts
are analytical; no computer is needed.

Constants and data

𝐺 = 6.674 × 10−11 m3 kg−1 s−2, ln2 = 0.6931
Jupiter: 𝑀 = 1.898 × 1027 kg, 𝑅 = 6.991 × 107 m, semi-major axis 𝑎J = 5.203 AU.
Saturn: 𝑀 = 5.683 × 1026 kg, volumetric mean radius 𝑅𝑝 = 58,232 km, bulk density
𝜌𝑝 = 687 kgm−3

Metallic-hydrogen transition near 100 GPa. Ring and moon densities: water ice 𝜌𝑠 =
1000 kgm−3. Saturn A-ring outer edge observed at ∼ 137,000 km
26Al: half-life 𝑡1/2 = 0.717 Myr, Solar-System initial ratio (26Al/27Al)0 = 5.2 × 10−5.
The uniform-density central pressure of a self-gravitating sphere in hydrostatic equilibrium is 𝑃𝑐 =
3𝐺𝑀2/(8𝜋𝑅4); the fluid Roche limit is 𝑑𝑅 = 2.46𝑅𝑝(𝜌𝑝/𝜌𝑠)1/3 and the rigid-body value is 𝑑𝑅 =
1.26𝑅𝑝(𝜌𝑝/𝜌𝑠)1/3. Data as in the Lecture 8, 11 and 12 notes.

Problem 1 Giant-planet interiors and the metallic-hydrogen transition

Jupiter and Saturn are fluid hydrogen-helium planets. Their deep interiors reach pres-
sures high enough to squeeze hydrogen into a metallic, electrically conducting state. A
crude uniform-density model already shows where and why this happens.

(a) Compute Jupiter’s bulk density from its mass and radius.

Solution.
𝜌 = 𝑀

4
3𝜋𝑅3

= 1.898 × 1027
4
3𝜋 (6.991 × 107)3

= 1.898 × 1027
4
3𝜋 (3.4168 × 1023)

,

so with 4
3𝜋 (3.4168 × 10

23) = 1.4312 × 1024 m3,

𝜌 = 1.898 × 1027
1.4312 × 1024 = 1326 kgm

−3.

𝜌 ≈ 1326 kgm−3, close to the bulk density of the Sun and far below rock, so most
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of the planet is hydrogen and helium.

(b) Using the uniform-density result 𝑃𝑐 = 3𝐺𝑀2/(8𝜋𝑅4), estimate Jupiter’s central pressure.
Express it in GPa and compare it with the ∼ 100 GPa metallic-hydrogen transition.

Solution.
𝑃𝑐 =

3𝐺𝑀2

8𝜋𝑅4 =
3 (6.674 × 10−11)(1.898 × 1027)2

8𝜋 (6.991 × 107)4 .

The numerator is 3 × 6.674 × 10−11 × 3.6024 × 1054 = 7.2121 × 1044, and the denominator
is 8𝜋 × 2.3887 × 1031 = 6.0034 × 1032, so

𝑃𝑐 =
7.2121 × 1044
6.0034 × 1032 = 1.201 × 10

12 Pa = 1201 GPa.

This is about 12 times the 100 GPa needed to metallize hydrogen.
Even the uniform-density estimate, ∼ 1200 GPa, exceeds the metallization pres-
sure by an order of magnitude, so most of Jupiter’s hydrogen is metallic. The real
centrally-condensed value is a few thousand GPa, higher still.

(c) Repeat the estimate for Saturn. Compare the two central pressures against the metal-
lization pressure and state what this implies for the relative size of each planet’s metallic-
hydrogen region.

Solution.
𝑃𝑐 =

3 (6.674 × 10−11)(5.683 × 1026)2
8𝜋 (5.8232 × 107)4 .

The numerator is 3 × 6.674 × 10−11 × 3.2296 × 1053 = 6.4669 × 1043, and the denominator
is 8𝜋 × 1.1499 × 1031 = 2.8900 × 1032, so

𝑃𝑐 =
6.4669 × 1043
2.8900 × 1032 = 2.238 × 10

11 Pa = 224 GPa.

Saturn’s central pressure is about 2.2 times the metallization value, against Jupiter’s
factor of 12.
Jupiter sits far above the transition throughout most of its interior, so it has a
large metallic-hydrogen region. Saturn only just crosses it near the centre, so its
metallic region is a much smaller fraction of the planet.

(d) Saturn radiatesmore energy than it absorbs from the Sun, more than slow contraction
alone can supply, while Jupiter’s excess luminosity is closer to what contraction gives.
Explain in two or three sentences how the smaller metallic-hydrogen region you found in
part (c) is linked to the extra energy source (helium rain) that Saturn needs.

Solution. Helium becomes immiscible in metallic hydrogen at the pressures and tem-
peratures of the deep interior, so helium droplets condense and sink, releasing grav-
itational energy. This process operates in the metallic-hydrogen layer. Saturn is
cooler and its metallic region, though smaller, spans the pressure-temperature range
where helium separates, so helium rain runs strongly and supplies the extra luminos-
ity. Jupiter is hotter and its interior has only recently entered the helium-separation
range, so its excess heat is still dominated by contraction.
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The size and thermal state of the metallic-hydrogen region set whether helium
rain is active; Saturn needs it, Jupiter barely does.

Problem 2 The Roche limit and Saturn’s rings

The Roche limit is the distance inside which a moon is tidally torn apart rather than held
together by its own gravity. It sets where rings can exist and where moons can survive.
Saturn is the clearest case.

(a) Compute the rigid-body Roche limit for an icy body at Saturn, 𝑑𝑅 = 1.26𝑅𝑝(𝜌𝑝/𝜌𝑠)1/3.
Express it in units of 𝑅𝑝.

Solution. With (𝜌𝑝/𝜌𝑠)1/3 = (687/1000)1/3 = 0.882,

𝑑𝑅 = 1.26 × 58,232 km × 0.882 = 64,710 km = 1.111𝑅𝑝.

The rigid-body limit is ≈ 64,710 km, only 1.11𝑅𝑝, just above Saturn’s surface: a
rigid body could in principle survive almost down to the cloud tops.

(b) Compute the fluid Roche limit, 𝑑𝑅 = 2.46𝑅𝑝(𝜌𝑝/𝜌𝑠)1/3. Compare it with the observed
outer edge of the A ring at ∼ 137,000 km.

Solution.
𝑑𝑅 = 2.46 × 58,232 km × 0.882 = 126,350 km = 2.170𝑅𝑝.

The A-ring outer edge lies at 137,000 km, so the fluid estimate matches to

137,000 − 126,350
137,000 = 7.8%.

The fluidRoche limit, ≈ 126,350km,matches theA-ringouter edge towithinabout
8%: themain ringsendnearwhereaself-gravitating fluidbodywouldbedisrupted.

(c) Small moons such as Pan and Daphnis orbit inside the A ring, at about 133,600 km and
136,500 km, outside the fluid limit of part (b). Their own bulk densities are much lower
than that of solid ice, about 400 kg m−3, because they are porous rubble piles. Recompute
both limits for that density and explain in two or three sentences where the two moons
then sit and what the two limits bracket.

Solution. With (𝜌𝑝/𝜌𝑠)1/3 = (687/400)1/3 = 1.198, the rigid limit becomes 1.26 ×
58,232 km × 1.198 = 87,900 km and the fluid limit 2.46 × 58,232 km × 1.198 = 171,500
km. The fluid limit assumes a strengthless body that deforms and disrupts easily;
the rigid limit assumes a body held together as a solid sphere. Pan and Daphnis lie
between the two: a strengthless body of their density would be torn apart at their
orbits, a rigid one would survive, and a real moonlet with modest material strength
sits in between, so the two limits bracket the true disruption distance.
At 400 kg m−3 the limits are 87,900 km and 171,500 km; Pan and Daphnis lie be-
tween them, held by gravity plus modest strength, so the rigid and fluid limits
bracket the real disruption distance.
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Problem 3 Dating the Solar Systemwith radioactive decay

Meteorites carry two kinds of radioactive clock. Short-lived isotopes such as 26Al are
now extinct but timed the first few million years; long-lived isotopes such as uranium give
absolute ages of billions of years. You will use both.

(a) For radioactive decay 𝑁 = 𝑁0 𝑒−𝜆𝑡 with 𝜆 = ln2/𝑡1/2, compute the decay constant of 26Al
and the fraction of the initial 26Al left after 2 Myr.

Solution.
𝜆 = ln2𝑡1/2

= 0.69310.717 = 0.9667 Myr−1.

After 2 Myr,
𝑁
𝑁0

= 𝑒−𝜆𝑡 = 𝑒−0.9667×2 = 𝑒−1.9334 = 0.1447.

𝜆 ≈ 0.9667Myr−1; about 14.5% of the 26Al survives after 2Myr, somost of it decays
within the first fewmillion years.

(b) Radiogenic heating scales with the amount of live 26Al present at accretion. A plan-
etesimal that accretes 2 Myr after the first solids (CAIs) starts with the Solar-System
initial 26Al/27Al multiplied by the surviving fraction you found in part (a); compute this ra-
tio. State the factor by which its heating rate is lower than a body that formed at CAI time,
and what this implies for melting.

Solution.
(
26Al
27Al

) = 5.2 × 10−5 × 0.1447 = 7.52 × 10−6.

The heating rate is proportional to the live 26Al, so it is lower by the factor 1/0.1447 =
6.9.
A body forming 2Myr late has ≈ 7.52 × 10−6 live 26Al/27Al, a factor 6.9 less heating.
Early planetesimals melt and differentiate; those forming more than a couple of
million years late stay cold and undifferentiated.

(c) Explain in two or three sentences why the short-lived 26Al clock gives high time res-
olution but only relative ages, while the long-lived U-Pb clock gives absolute ages but
coarser resolution over the first few million years.

Solution. 26Al decays in a few million years, so small time differences change its
abundance a lot, giving fine relative timing; but it is now extinct, so it cannot date
against a present-day measurement and needs an anchor to an absolute clock. U-
Pb decays over billions of years, so it survives to be measured today and gives an
absolute age; but over the first few million years the accumulated radiogenic lead
changes very little, so its resolution there is coarse.
Short-lived isotopes resolve fine intervals but only relative to an anchor; long-
lived isotopes give the absolute age but blur the earliest fewmillion years.

Problem 4 Kirkwood gaps and mean-motion resonances

4



Planetary Systems • Worksheet 6 Solutions

The asteroid belt has gaps at specific distances where an asteroid’s orbital period is a
simple fraction of Jupiter’s. These mean-motion resonances pump orbital eccentricities
and clear the gaps. They are the Kirkwood gaps.

(a) At an interior 𝑗 ∶ 𝑘 resonance the asteroid completes 𝑗 orbits for every 𝑘 of Jupiter’s,
so its period is 𝑇 = (𝑘/𝑗) 𝑇J. Using Kepler’s third law 𝑎3 = 𝑇2 (in ratio form, (𝑎/𝑎J)3 = (𝑇/𝑇J)2),
show that the resonance semi-major axis is 𝑎 = 𝑎J (𝑘/𝑗)2/3, and compute the 3∶1 location.

Solution. From 𝑎3 ∝ 𝑇2, the ratio of two orbits gives 𝑎/𝑎J = (𝑇/𝑇J)2/3 = (𝑘/𝑗)2/3. For
the 3∶1 resonance, 𝑘/𝑗 = 1/3, so

𝑎 = 5.203 AU × (1/3)2/3 = 5.203 × 0.4807 = 2.501 AU.

𝑎 ≈ 2.50 AU, matching the observed inner Kirkwood gap.

(b) Compute the locations of the 5∶2 and 2∶1 resonances.

Solution.
𝑎5∶2 = 5.203 × (2/5)2/3 = 5.203 × 0.5429 = 2.825 AU,
𝑎2∶1 = 5.203 × (1/2)2/3 = 5.203 × 0.6300 = 3.278 AU.

The 5 ∶ 2 gap is at ≈ 2.82 AU and the 2 ∶ 1 gap at ≈ 3.28 AU, the outer edge of the
main belt.

(c) An asteroid exactly at a Kirkwood gap and one just outside it look identical in a snap-
shot of positions. Explain in two or three sentences what physically empties the gap, and
why the gaps are visible in a plot of semi-major axis but not in an instantaneous map of
the belt.

Solution. At the resonance Jupiter kicks the asteroid at the same orbital phase ev-
ery cycle, and these kicks add coherently, so the eccentricity grows over many orbits.
A high eccentricity eventually makes the orbit cross Mars or Jupiter, and a close en-
counter removes the asteroid. The clearing acts on the orbit’s semi-major axis, not its
instantaneous position, so it shows only when bodies are binned by 𝑎; at any instant
a resonant asteroid can be anywhere along its orbit and looks ordinary.
Coherent resonant kicks pump eccentricity until the orbit becomes planet-
crossing and the body is removed; the depletion appears only in semi-major-axis
space.
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